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We demonstrate that the approximation for the number of inflationary e-folds commonly used in
the literature can lead to highly inaccurate predictions for the amplitude of primordial gravitational
waves. We show that such an approximation can lead to perfectly viable inflation models being falsely
ruled out by direct or indirect gravitational-wave measurements. We illustrate this point using a new
class of inflation models which include the power-law potential, V (φ) ∼ φk, as the simplest limit.
These models are simple to construct without using the slow-roll approximation, and are consistent
with 2σ constraints from Planck. Crucially, these models may suffer from an order-of-magnitude
error in the prediction for the gravitational-wave amplitude if the common definition of e-folding is
used. Our findings have strong implications for the classes of inflation models that can be ruled out
by future space-based laser interferometers such as BBO and DECIGO.
I. INTRODUCTION
Cosmological inflation refers to the period of acceler-
ated expansion in the early Universe [1–3]. This simple
idea has profound implications for our understanding of
the Universe. Remarkably, in one fell swoop, it solves
several longstanding cosmological conundrums, namely
the horizon, flatness and monopole problems. The sim-
plicity of constructing a working inflation model (at least
in the phenomenological sense) means that inflation re-
mains, even after almost four decades, the leading theory
that can explain the origin of large-scale structures of
the Universe, right down to the statistics of small-scale
anisotropies in the cosmic microwave background (CMB).
See [4–6] for comprehensive reviews of inflation.
As inflation progresses into the next decade, new ambi-
tious experiments will endeavour to uncover its ‘smoking-
gun’ signatures that have hitherto eluded detection. The
most tantalising of these signatures is the stochastic back-
ground of primordial gravitational waves (GW), which
can be measured either directly using laser interferometers
or indirectly via the measurement of B-mode polarization
in the CMB.
The predicted amplitude of this primordial GW back-
ground depends on when the Fourier modes corresponding
to the GW frequencies was expelled from the Hubble ra-
dius during inflation [7]. Modes that exited the Hubble
radius at different time during inflation are associated
with GW at different frequencies today. This so-called
‘horizon-exit’ time can be equivalently parametrized using
the e-fold number, defined as the ratio of the Hubble ra-
dius (aH)−1 at the exit time, t, and at the end of inflation,
i.e.
N˜(t) ≡ ln a(tend)H(tend)
a(t)H(t)
. (1)
For example, to solve the horizon problem, we require
the Fourier modes corresponding to the CMB scales (k ≈
∗ s.chongchitnan@hull.ac.uk
0.002 Mpc−1) to exit the horizon roughly 60 e-folds before
inflation ends.
Nevertheless, it has become common practice to ap-
proximate the number of e-folds by stipulating that the
Hubble parameter, H, is essentially constant during infla-
tion (in comparison with the scale factor a), and consider
instead the logarithmic change in the scale factor alone:
N(t) ≡ ln a(tend)
a(t)
. (2)
This approximation is sufficiently accurate for many infla-
tion models in the literature, particularly for those models
in which the ‘slow-roll’ approximation holds. However,
since Eq. 2 does not contain any reference to the ‘hori-
zon’ (i.e. the Hubble radius), it follows that requiring
“N = 60” will not necessary solve the horizon problem.
In [8], we constructed a simple inflation model in which
the N and N˜ framework could differ enough so that
the predictions for r corresponding to either N = 60
or N˜ = 60 are inconsistent at around 5% level. We
cautioned that even such a small discrepancy could have
significant implications for what we will learn from future
GW experiments such as LISA, BBO and DECIGO [9–
11].
In this work, we present an extension of the construc-
tion in [8] and demonstrate that the discrepancy in the
predicted GW amplitude, by assuming that N = 60 or
N˜ = 60, could in principle be arbitrarily large. These
models are straightforward to construct and are consistent
at 2σ level with the observational constraints from Planck
[12]. We argue that such a discrepancy should not be
treated as an pathological anomaly, but rather a stark
reminder that using the approximate definition, N , for
the number of e-folds carries with it potentially dangerous
yet completely avoidable inaccuracies.
For the rest of this work, where necessary we will refer
to N˜ as the physical e-fold, and N as the approximate
e-fold. We will work with the reduced Planck unit in
which mPl/
√
8pi = 1. We will only consider single-field
inflation.
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2II. A NEW FRAMEWORK OF INFLATION
MODEL BUILDING
In [8], we presented an alternative framework for in-
flation model building in which the physical number of
e-folds, N˜ , is the key temporal parameter (as opposed to
the approximation N). We summarise the main results
below.
Our formalism begins with modelling of the inverse
Hubble radius, H , defined as
H (φ) ≡ aH, (3)
where φ is the inflaton value in unit of the Planck mass.
We shall see below that H (φ) completely determines the
inflaton potential V (φ). It is useful to define the series of
variables, En, where
En(φ) ≡ H
(n)(φ)
H (φ)
. (4)
The first few values of En (n = 1, 2, 3) will determine the
next-to-leading-order approximation for the inflationary
observables r (the tensor-to-scalar ratio) and ns (the
spectral index of scalar perturbations).
By definition, inflation occurs as long as the Hubble
radius shrinks, i.e.
Inflation ⇐⇒ d
dt
H > 0 ⇐⇒ E1 > 0. (5)
Therefore, in our framework, an inflation model can be
constructed using an increasing function H (φ), with in-
flation ending at a maximum point. This is an analogous
(but simpler) construction to the Hamilton-Jacobi formal-
ism [13, 14] in which a decreasing function H(φ) is the key
variable, together with the ‘Hubble slow-roll’ parameters
 ≡ 2
(
H ′
H
)2
, η ≡ 2H
′′
H
, ξ ≡ 4H
′H ′′′
H2
,
`λH ≡ 2` (H
′)`−1
H`
H(`+1)(φ) . (6)
In the Hamilton-Jacobi formalism,
Inflation ⇐⇒ d
dt
H < 0 ⇐⇒  < 1. (7)
The H parameter is related H and the potential V (φ)
by the following flowchart:
H (φ) =⇒ E1 =H ′/H (8)w
 =
2(
E1 +
√
(E1)2 + 2
)2
w
H(φ) = Hend exp
(
−
∫ φ
φend
√
/2 dφ
)
w
V (φ) =H2(3− )
The variable H is connected to the physical e-fold, N˜ ,
simply by
N˜(φ) = ln
(
H (φend)
H (φ))
)
,
dN˜
dφ
= −H
′
H
= −E1. (9)
In contrast, the approximate e-fold, N , is a more natural
temporal variable in the Hamilton-Jacobi formalism, since
we have
dN
dφ
=
H
2H ′
= − 1√
2
. (10)
This illustrates another advantage of the H formalism:
N˜(φ) can be evaluated exactly (often by hand) via Eq. 9,
whereas Eq. 10 does not usually have an analytic solution.
Finally, the observables r and ns can be evaluated
using the usual next-to-leading expressions in terms of
the Hubble-slow-roll parameters [14]:
r ' 16[1− C(σ + 2)] , (11)
ns ' 1 + σ − (5− 3C)2 − 1
4
(3− 5C)σ+ 1
2
(3− C)ξ,
where C = 4(ln 2 + γ)− 5 ' 0.0814514 (with γ the Euler-
Mascheroni constant). The Hubble-slow-roll parameters
are related to En by:
 =
2(
E1 +
√
(E1)2 + 2
)2 , (12)
η =
(2E2 + 3)− 1
1 + 
,
ξ =

(1 + )3
(
33 − 2
√
25/2E3 − 2E22 + 8(E2)2 − 32 . . .
− 4
√
2E3
3/2 + 28E2 + 17− 2
√
2E3
√
− 2E2 − 9
)
.
III. THE GENERALISED GAUSSIAN MODEL
We now present a detailed study of an inflation model
parametrized by
H (φ) ∝ e−(αφ)n , (13)
where the constant α > 0. We shall refer to Eq. 13 as
the generalised Gaussian model.
In this model, n is an even positive integer, so that
H (φ) is an increasing function along the branch φ < 0
(which is not problematic thanks to the even symmetry
of H and the t → −t transformation). It is possible
to extend the range of n to any positive real number
by performing the symmetrization H ∝ exp (− (α|φ|)n).
Inflation ends at the maximum point φ = 0.
The Gaussian case n = 2 is particularly interesting
because, as shown in [8], it gives almost exactly the same
3predictions in the ns-r plane as those from the well-known
power-law (monomial) models
V (φ) ∝ φk, k = 1/2α2. (14)
In fact, we will show later that this is no coincidence: the
inflaton potential for n = 2 does in fact reduce to the
power-law form to a good approximation.
The coefficients Ei can be expressed in terms of N˜ as:
E1 = nαN˜
1− 1n , (15)
E2 = nα
2N˜1−
2
n
(
nN˜ − n+ 1
)
, (16)
E3 = nα
3N˜1−
3
n
(
n2N˜2 − 3n(n− 1)N˜ + (n− 1)(n− 2)
)
.
(17)
When these expressions are evaluated at N˜ = N˜∗ (say,
N˜ = 60), the corresponding inflaton field value φ∗ is given
by
φ∗ = −α−1N˜1/n∗ . (18)
For the rest of this work, we will assume that CMB-scale
perturbations were generated when N˜∗ = 60, although
our main results are insensitive to this choice of N˜∗.
A. r and ns
Figure 1 shows the prediction in the ns-r plane for
the generalised Gaussian model with n = 2, 4, 6 and 8
for a wide range of α. The contours show 1 and 2σ
constraints from Planck (temperature anisotropies + low
` polarization). The values of α that are consistent with
these constraints are shown in Table I.
n α
2 0.5 < α < 0.7
4 α > 0.096
6 α > 0.048
8 α > 0.031
TABLE I. The values of the parameters n and α for which the
generalised Gaussian model H ∝ e−(αφ)n is consistent with
Planck’s 2σ constraints in the ns-r plane.
It can be shown that the lines in Fig. 1 can be described
by the equations
r ≈ 16
2(αnN˜1−1/n)2 + 1
, (19)
ns ≈ A+Br, (20)
where the constants A and B depend on α and n. For n =
2, B ≈ −1/8 as is well known for power-law potentials.
Despite the appearance, the four lines in Fig. 1 are not
parallel (the horizontal axis is far more highly resolved).
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FIG. 1. The predictions for ns (the scalar spectral index)
against r (the tensor-to-scalar ratio) for the generalised Gaus-
sian model H ∝ exp(−(αφ)n) with n = 2, 4, 6, 8, assuming
N˜∗ = 60. The values of α consistent with the 2σ constraints
from Planck (blue contours) are given in the Table I.
B. Is it safe to assume N˜ = N?
We now demonstrate the approximate e-fold number,
N , can be a highly inaccurate measure of inflation.
The relationship between N and N˜ is
N =
N˜
2
+
1
2
∫ N˜
0
√
1 +
2
E21
dN˜ . (21)
For models in which the slow-roll approximation holds,
 1 throughout the duration of inflation, and from (12)
this means E1  1. Thus, (21) suggests that N ≈ N˜ in
the slow-roll limit. Let us see if this is the case for the
generalised Gaussian model.
Fig. 2 shows a plot of the ratio N˜/N for n = 2, 4, 6 and
8 as a function of the parameter α, assuming N˜∗ = 60.
On each curve, the thick solid portion corresponds to
the range of values of α which are consistent with the
2σ constraints from Planck (see Table I). We can see,
for example, that for the case n = 2, the approximation
N˜ ≈ N is fairly accurate for Planck-consistent values of
α, with error of just a few percent (although interestingly,
the equality N˜ = N is ruled out at 2σ). This is consistent
with conventional wisdom from introductory cosmology
that the slow-roll approximation can be safely applied to
power-law potentials.
Unfortunately, the same error grows to an unacceptable
level for larger values of n. With n = 8, observation
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FIG. 2. The ratio between the physical and the approximate
e-folds for the model H = exp(−(aφ)n), for n = 2, 4, 6, 8,
assuming N˜∗ = 60. The thick solid portion of each line corre-
sponds to the range of values of α which are consistent with
the 2σ constraints from Planck.
allows N˜ and N to differ by over 30%, signifying a strong
breakdown in the slow-roll approximation.
It is interesting to note that the relationship (21) can
be integrated directly in the power-law case n = 2 [8].
For other values of n, the integral can be expressed in
terms of the hypergeometric function.
We now consider how strongly this discrepancy between
N˜ and N translates into errors in the ns-r plane.
Fig. 3 shows the comparison between the predictions
assuming N˜ = 60 (solid lines) versus N = 60 (dashed
lines). For n = 2, as expected, the discrepancy is only
roughly a few percent within the 2σ contour. This dis-
crepancy grows quickly with n, and in principle the two
lines can diverge even more drastically.
We conclude that the amplitude of r could be vastly
underestimated using the approximate expression for the
number of e-folds. This severely affects the ability of
future B-mode experiments (such as CORE [15, 16]) to
justly accept or reject inflation models. Using N to mea-
sure e-foldings, models such as (13) could be falsely ruled
out given a high r measurement, whilst a strong con-
straint towards r = 0 would be consistent with models
that should have been ruled out.
C. The inflaton potential
It is instructive to see how the potentials for the gen-
eralised Gaussian models look like. The flowchart (8)
provides an easy route towards obtaining the potential.
Fig. 4 shows the potentials V (φ) for n = 4, 6, 8 for a
fixed value of α = 1 (we will discuss n = 2 separately).
On each curve, inflation commences at the right-hand
endpoint where N˜ = 60, and terminating at the bottom-
left corner where φend = 0. These potentials are all
consistent with Planck’s 2σ constraints.
Evidently, increasing n for a fixed α creates an increas-
ingly steep plateau. This is consistent with our findings
above that the slow-roll approximation becomes less and
less accurate as n increases.
The potential for the case n = 2 can in fact be obtained
analytically. Following the flowchart, we obtain
V (φ) ∝ (3− β2)β−kek(1−β2)/2, (22)
where β =
√
2α2φ+
√
2α4φ2 + 1,
k =
1
2α2
,
valid for φ ≤ 0. Note that V (φ) is not an even function.
In the Appendix, we prove that
V (φ) ≈ V0φk. (23)
This proof strengthens the result in [8] in which we showed
that the predictions in the ns-r plane for the Gaussian
H (φ) coincide what those of the power-law potentials.
We note that for n > 2, the potentials shown in Fig. 4
can be expressed in terms of the hypergeometric function.
Had we trusted the slow-roll approximation (by setting
 = 12 (V
′/V )2), we would have been led to the slow-roll
potentials VSR:
VSR(φ) ∝
{
φ
1
2α2 , if n = 2
exp
(
−1
n(n−2)αnφn−2
)
, if n /∈ {0, 2} (24)
which may be sufficiently accurate for n = 2, but certainly
not for n > 2. Indeed, we see that VSR is undefined at
φ = 0 where inflation is supposed to end.
IV. GRAVITATIONAL-WAVE AMPLITUDE
The previous section shows that using N˜ or N as the
temporal parameter can lead to very different inflationary
dynamics. In addition to inaccuracies in the predicted am-
plitude of r, we now show that the approximate e-folds can
lead to an order-of-magnitude error in the predicted ampli-
tude of primordial GW measured at laser-interferometer
frequencies.
With the celebrated detections of GW from binary sys-
tems by LIGO [17], the hunt for GW is now progressing
at a pace more fervid than ever. The most tantalising
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FIG. 3. Assuming N = 60 VS N˜ = 60 can lead to very different predictions in the ns-r plane. The lines show the predictions for
the generalised Gaussian model H = exp(−φn), with n = 2, 4, 6, 8. Solid lines show the predictions assuming N˜ = 60. Dashed
lines show those for N = 60, which consistently underpredict r.
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FIG. 4. The inflaton potential V (φ)/V (0) for the generalised
Gaussian model H = exp(−φn), with n = 4, 6, 8. On each
curve, the bottom left corner marks the end of inflation at
φ = 0, whilst the right-hand endpoint is where N˜ = 60. All
these potentials are consistent with Planck’s constraints in the
(ns, r) plane.
goal for the next generation of space-based laser interfer-
ometers such as BBO and DECIGO is the detection of
a stochastic background of primordial GW, which would
be a highly convincing evidence for an inflationary event
in the early Universe. These space-based interferometry
have been proposed to operate in the optimal frequency
window of around 0.1−10 Hz, in contrast with LIGO
which focuses on frequencies around 100 Hz. See [18–20]
for reviews of direct detection of primordial GW.
In [18], it was shown that using the Hamilton-Jacobi
formalism, the amplitude of GW from inflation can be
quantified by the dimensionless energy density:
Ωgw(k)h
2 ≈ 4.36× 10−15 rJ (k), (25)
where J (k) ≡ exp
(
−2
∫ 60
N
(N) dN
)
.
The lower limit, N , in the integral refers to the approxi-
mate e-fold number when the mode with wavenumber k
(or frequency f = 2pi/k) exited the Hubble radius. As-
sume that the CMB pivot scale (k0 = 0.002 Mpc
−1) exited
the Hubble radius at N = 60, it follows that smaller-scale
modes exited the Hubble radius at
N(k) ≈ 60− ln
[
k
k0
]
. (26)
In contrast, using the H (N˜) formalism, we find that
the formula for Ωgw is now modified by replacing the
damping factor J with
J˜ (k) ≡ exp
(∫ 60
N˜
√
1 + 2/E21 dN˜ − (60− N˜)
)
. (27)
We now compare the primordial GW predictions for the
generalised Gaussian model by imposing either N˜ = 60
or N = 60. Fig. 5 shows Ωgwh
2 in the frequency range
0.1−100 Hz using the values of α that are consistent with
Planck’s 2σ constraints (see Table I). We note that for
the case n = 2, the N˜ and N predictions separate into
clearly distinct bands, whilst for n = 4, 6, 8, both bands
extend towards 0 (i.e. the two bands overlap in the grey
trapezium at the bottom of each panel).
We note that the magnitudes of Ωgwh
2 spanned by the
upper N˜ = 60 bands are comparable with the putative
threshold sensitivities of BBO and DECIGO (although
they are sadly beyond LISA’s sensitivity). Therefore,
Fig 5 implies that if GW were to be detected at these
amplitudes, the generalised Gaussian models would be
falsely ruled out using the approximate e-folding. In other
6n=2
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FIG. 5. Assuming N˜ = 60 (upper/green bands) VS N = 60 (lower/grey bands) can also lead to very different predictions for the
amplitude of primordial gravitational waves, Ωgwh
2, in the frequency range 0.1− 100 Hz, where laser interferometers typically
operate. These predictions are for the model (13) with n = 2, 4, 6, 8. Except for the case n = 2, the upper bands in fact extend
downwards, intersecting with the lower grey bands.
words, an order-of-magnitude underestimate in Ωgwh
2
can lead us to be overly pessimistic about the prospects
for direct detection of primordial GW.
V. CONCLUSION
The future direction of inflation will be heavily influ-
enced by the outcome of future GW experiments: Would
the faint hum of primordial GW be heard at last? or
would such a prospect slip further away into the next
decades? Whatever the outcome may be, we must first
be absolutely certain about what we will learn from such
audacious, high-risk, and hugely expensive experiments.
The main message of this work is that using the correct
measure for inflationary e-folding is crucial in deciding
whether or not an inflation model could be confidently
ruled out by GW experiments. As demonstrated in our
detailed study of the generalised Gaussian model, using
N to measure e-folding is potentially very misleading,
yet completely avoidable from a theoretical point of view.
This suggests the widespread practice of using N to study
inflationary dynamics needs to be reevaluated.
Of course, there are other sources of uncertainties in
the number of e-folds (the exact number in fact depends
on modelling the entire history of the Universe [21]). How-
ever, using the correct measure of e-folding is a simple
and effective step to mitigate uncertainties that could
affect what we will learn from future GW experiments.
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7APPENDIX – PROOF THAT THE GAUSSIAN
MODEL CORRESPONDS TO POWER-LAW
INFLATION
Let n = 2 in Eq. 13. We want to show that V ∝ φk.
Let x ≡ √2a2φ. Thus the goal is equivalent to showing
that
dlnV
dlnx
= k.
From the definition of β = x +
√
x2 + 1 (Eq. 22), the
inverse function is
x =
β − β−1
2
.
Let λ = lnβ, so that x = sinhλ. Note that since φ < 0,
β is a small positive number, and so λ is a large negative
number.
Taking the log of Eq. (22) and differentiating wrt λ
gives
dlnV
dλ
≈ −k,
where we ignore the small contributions from the terms
∼ e2λ. Therefore,
dlnV
dlnx
=
dlnV
dλ
dλ
dlnx
≈ −k tanhλ ≈ k,
since tanhλ ≈ −1. Hence the power-law correspondence
is proved.
